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Abstract
It is well-known that (N , M) 5-branes of type IIB supergravity form a non-threshold bound
state with (N ′, M ′) strings called the (F, D1, NS5, D5) bound state where the strings lie along
one of the spatial directions of the 5-branes (hep-th/9905056). By taking low energy limits in
appropriate ways on this supergravity configuration, we obtain the supergravity duals of various
decoupled theories in (5+1) dimensions corresponding to noncommutative open string (NCOS)
theory, open D-string (OD1) theory and open D5-brane (OD5) theory. We then study the
SL(2, Z) transformation properties of these theories. We show that when the asymptotic value
of the axion (χ0) is rational (for which χ0 can be put to zero), NCOS theory is always related to
OD1 theory by strong-weak or S-duality symmetry. We also discuss the self-duality conjecture
(hep-th/0006062) of both NCOS and OD1 theories. On the other hand, when χ0 is irrational,
we find that SL(2, Z) duality on NCOS theory gives another NCOS theory with different values
of the parameters, but for OD1 theory SL(2, Z) duality always gives an NCOS theory. SL(2, Z)
transformation on OD5 theory reveals that it gives rise to Little String Theory (LST) when χ0
= rational, but it gives another OD5 theory with different values of the parameters when χ0 is
irrational.
1 Introduction
Dynamical theories without gravity appear as particular low energy limits, known as de-
coupling limits, in string/M theory [1, 2]. These are either local field theories or non-local
theories with or without noncommutative space-space and/or space-time structures in
diverse dimensions having 16 or less supercharges and depend upon the kind of string/M
theory vacua chosen and how the low energy limits are taken. Examples are the classic
AdS/CFT correspondence of Maldacena [3] and their variations [1]. Low energy string/M
theory in some sense plays complementary roles to these dynamical theories on the branes
and vice-versa and has been proved to be quite fruitful in the recent past. These gener-
alized correspondences are believed to shed light on QCD-like theories and in turn will
help us to have the eventual formulation of M theory.
One such correspondence is obtained by considering a particular type IIB string theory
vacuum consisting of D5-branes in the presence of an electric field along the brane [4].
The corresponding supergravity solution is described by (F, D5) bound state [5] where
the fundamental strings lie along one of the spatial directions of D5-branes. The low
energy limit or the decoupling limit is taken in such a way that the electric field attains
a critical value and almost balances the tension of the F-strings. The resulting world-
volume theory on the brane decouples from the bulk closed string modes and becomes a
non-gravitational non-local theory known as the NCOS theory in (5+1) dimensions. The
(F, D5) supergravity solution in this limit [6] becomes the supergravity dual description
of NCOS theory1.
By S-duality of type IIB supergravity (F, D5) solution goes over to (D1, NS5) solution
[9, 10], so it is inferred that NS5-branes in the presence of a near critical RR 2-form
field strength would similarly give rise to another decoupled non-local theory called the
OD1 theory in (5+1) dimensions [4]. Here also, in the low energy limit, the 2-form
field strength attains a critical value which almost balances the tension of D-strings and
the resulting theory on the NS5-brane decouples from the bulk closed string modes and
contains fluctuating light open D-strings in its spectra. The (D1, NS5) supergravity
solution in the decoupling limit [9, 11, 12, 13] describes the supergravity dual of OD1
theory.
It is known that these two theories are related by strong-weak duality symmetry [4],
where the coupling constant and the length scales in these two theories are related by
G2o = 1/G
2
o(1) and α
′
eff = G
2
o(1)α˜
′
eff . By taking further limits G
2
o → ∞, α′eff → 0 with
α′effG
2
o = fixed in NCOS theory, which amounts to taking G
2
o(1) → 0, α˜′eff = fixed in
1NCOS theory in (3+1) dimensions has been obtained in [7, 8].
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OD1 theory both these theories reduce to Little String Theories [14, 15, 16, 17, 18]. Thus
both these theories have (5+1) dimensional Lorentz invariance and reduce to Yang-Mills
theory at low energies with coupling constant g2YM = (2π)
3G2oα
′
eff = (2π)
3α˜′eff . In view of
this observation, it was conjectured [4] that OD1 theory with coupling constant Go(1) and
length scale α˜′eff may be identified with (5+1) dimensional NCOS with coupling constant
Go = Go(1) and α
′
eff = α˜
′
eff/G
2
o(1). Since OD1 and (5+1) NCOS are S-dual to each other,
so the above observation leads to the self-duality conjecture of both the theories.
By applying T-duality on (D1, NS5) solution along all directions transverse to D-
strings and parallel to NS5-branes, it is easy to see that OD1 decoupling limit leads to
OD5 decoupling limit [4]. In this case, an RR 6-form field strength attains the critical
value and almost balances the tension of D5-branes on NS5-branes leading to OD5 theory.
The (NS5, D5) bound state solution in the decoupling limit describes the supergravity
dual [9, 12, 19] of OD5 theory.
In this paper we will consider an SL(2, Z) invariant type IIB string theory vacuum
of the form (F, D1, NS5, D5) which is a non-threshold bound states of (N,M) 5-branes
with the (N ′,M ′) strings of type IIB supergravity [20]. The reason for choosing this
SL(2, Z) invariant bound state is that it will lead to the supergravity dual of various
decoupled theories in (5+1) dimensions where the full SL(2, Z) transformation group of
type IIB supergravity can be applied. This is in contrary to the special case bound states
(F, D5) or (D1, NS5) where only the strong-weak duality behavior can be understood.
It should be emphasized that NCOS, OD1 and OD5 theories obtained from this general
supergravity configuration are different from those obtained from (F, D5), (D1, NS5) and
(NS5, D5) separately in their field contents and therefore the decoupling limits are also
modified. Also, the self-duality conjecture can be better addressed in the general SL(2, Z)
invariant supergravity solution. The purpose of this paper is to illustrate the relationships
between various decoupled theories under the general SL(2, Z) transformation of type IIB
supergravity from the gravity point of view.
We will show here that starting from (F, D1, NS5, D5) bound state how all the
three decoupling limits discussed above can be obtained from this single supergravity
configuration and study their SL(2, Z) transformation properties2. Note that in this
bound state strings lie along one of the spatial directions of the 5-branes and this solution
preserves half of the space-time supersymmetries of the string theory. The supergravity
solution corresponding to this bound state was constructed in [20]. It was mentioned
there that the charges of the strings and 5-branes are not independent, but are given
2SL(2, Z) transformation on the decoupling limit of (F, D1, D3) bound state has been studied in
[21, 22, 23, 24].
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as (N ′,M ′) = k(p, q) and (N,M) = k′(−q, p) where (k, k′) and (p, q) are two sets of
relatively prime integers. So the number of NS5-branes are |N | = k′q (henceforth we
will call this simply as N) and the number of D5-branes are M = k′p in this bound
state. In the special case, when q = 0 and p = 1, we get (F, D5) bound state and
when p = 0, q = 1, we get (D1, NS5) bound state3. We will first briefly review how
the (5+1) dimensional NCOS theory and the OD1-theory are obtained as the decoupling
limit on these two special bound states. Then we will show that under S-duality the full
supergravity configuration of NCOS theory gets mapped to that of the OD1-theory, if we
identify the parameters of these two theories in a particular way, showing that these two
theories are related by strong-weak duality symmetry. Then we will take the full (F, D1,
NS5, D5) bound state for the case where the asymptotic value of the axion (χ0) present
in this theory is rational, which can be put to zero and show how both NCOS-limit and
OD1-limit can be taken from this configuration. Even though the field content of the
supergravity configurations are different, we again find that under similar identification
of parameters, S-dual NCOS theory gets mapped to OD1-theory. So, the same conclusion
holds even for this more general NCOS theory and OD1 theory. One of the motivations
for considering NCOS and OD1 limit for this more general solution was to see whether we
can understand the self-duality conjecture4 of both (5+1) dimensional NCOS and OD1-
theory mentioned earlier. As we have already mentioned, the self duality of either the
(5+1) dimensional NCOS theory or OD1 theory means that we should be able to identify
the OD1 theory with coupling constant Go(1) and length scale α˜
′
eff with the NCOS theory
with coupling constant Go = Go(1) and length scale α
′
eff = α˜
′
eff/G
2
o(1). If we can identify the
corresponding supergravity duals of these two theories with the above identification, then
it will lend support to the self-duality conjecture [4]. We will show that under appropriate
identification of the parameters along with a condition the two supergravity configuration
can indeed be identified. However, a closer look at some of the conditions required for the
identification reveals that it can only be made in the range of the energy parameter in
the NCOS theory where the dilaton blows up, i.e. where supergravity description breaks
3It is also possible to obtain (NS5, D5) bound state of charges (−q, p) for k = 0 and k′ = 1 and (F,
D1) bound state with four isometries (along x2, x3, x4, x5 directions) and charges (p, q) for k′ = 0 and
k = 1 from this general bound state. However, because of the charge relation given before, it is not
possible to obtain (F, NS5) and (D1, D5) bound state from here [20].
4Indeed we have seen in [25] (see also [26, 27]) that the self-duality of OD3-theory can be shown from
an SL(2, Z) invariant bound state configuration (NS5, D5, D3) of type IIB supergravity. We obtained an
OD3 decoupling limit for this solution and have shown that under S-duality, it gives rise to another OD3
theory with the same length scale as the original OD3-theory and the coupling constants are related as
Gˆo(3) = 1/Go(3).
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down. This may be an indication that the self-duality conjecture of either of these theories
cannot be tested at the level of supergravity dual and some non perturbative techniques
may be required.
We then study the general SL(2, Z) transformation property of both NCOS theory and
the OD1 theory for the SL(2, Z) invariant configuration when the asymptotic value of the
axion is irrational. Here we find that under a generic SL(2, Z) transformation an NCOS
theory always gives another NCOS theory with different values of the parameters. We give
relations of the coupling constant and the length scales of the SL(2, Z) transformed NCOS
theory in terms of those of the original NCOS theory. However, the story is different for
OD1-theory. For OD1 theory we find that even for the generic SL(2, Z) transformation
OD1-theory reduces to NCOS theory with rational χ0. Since NCOS theory with rational
χ0 is mapped to OD1 theory with rational χ0 under S-duality, so it shows that OD1
theory with irrational χ0 is equivalent to the same theory with rational χ0. So SL(2, Z)
transformation in this case does not give any new information.
Finally we also obtain an OD5-limit in the general SL(2, Z) invariant supergravity
configuration (F, D1, NS5, D5). Here we find that for rational χ0, OD5 theory goes over
to Little String Theory under S-duality of type IIB supergravity. However for irrational
χ0, the general SL(2, Z) transformation gives another OD5 theory with different values
of the parameters. The explicit relations between the parameters in the two OD5 theories
are given.
The organization of the paper is as follows. In section 2, we give the supergravity
configuration of (F, D1, NS5, D5) bound state. We briefly review the NCOS limit and
the OD1-limit for the special cases of (F, D5) and (D1, NS5) configuration in section 3.
Here we also discuss the S-duality between NCOS and OD1-theories. In section 4, both
NCOS and OD1-limits are obtained for the general (F, D1, NS5, D5) bound state when
χ0 is rational. We discuss the S-duality as well as the self-duality of either NCOS or OD1
theory at the level of supergravity dual. The general SL(2, Z) transformations when χ0
is irrational is discussed in section 5. The OD5-limit and its SL(2, Z) transformation for
both the cases when χ0 is rational as well as irrational is discussed in section 6. Our
conclusion is presented in section 7.
2 The (F, D1, NS5, D5) bound state
The supergravity configuration of this bound state was constructed in [20]. Note that the
metric in [20] was written in Einstein-frame which asymptotically becomes Minkowskian.
Also the solution was written for χ0 = 0. We here rewrite the solution with the metric
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in string frame such that the string frame metric becomes asymptotically Minkowskian
with an appropriate scaling of the coordinates. Also, we write the solution for χ0 6= 0, by
an SL(2, R) transformation on the solution of [20]. The configuration is,
ds2 = H ′1/2H ′′1/2
[
H−1(−(dx0)2 + (dx1)2) +H ′−1
5∑
i=2
(dxi)2 + dr2 + r2dΩ23
]
,
eφ = gsH
−1/2H ′′, χ =
sinϕ cosϕ(H − 1)
gsH ′′
+ χ0 =
tanϕ(1−H ′′−1)
gs
+ χ0,
FNS = sinϕ sinψdH
−1 ∧ dx0 ∧ dx1 + 2 cosψ cosϕQ5 ǫ3,
FRR = −
(
χ0 − cotϕ
gs
)
sinψ sinϕdH−1 ∧ dx0 ∧ dx1 − 2 cosψ cosϕ
(
χ0 +
tanϕ
gs
)
Q5 ǫ3,
C4 =
tanψ
gs
(
1−H ′−1
)
dx2 ∧ dx3 ∧ dx4 ∧ dx5. (2.1)
Note from (2.1) that the strings lie along x1 direction and the 5-branes lie along x1, x2, x3, x4, x5
directions. Also r =
√
x26 + x
2
7 + x
2
8 + x
2
9, dΩ
2
3 = dθ
2 + sin2 θdφ21 + sin
2 θ sin2 φ1dφ
2
2 is the
line element of the unit 3-sphere transverse to the 5-branes and ǫ3 is its volume form.
gs = e
φ0 is the string coupling constant, χ is the RR scalar (axion), FNS and FRR are
respectively the NSNS and RR 3-form field strength. C4 is the RR 4-form gauge field
whose field strength is self dual. The Harmonic functions H , H ′, H ′′ are given as,
H = 1 +
Q5
r2
,
H ′ = 1 +
cos2 ψQ5
r2
,
H ′′ = 1 +
cos2 ϕQ5
r2
, (2.2)
where the angles are defined as,
cosϕ =
q√
(p− χ0q)2g2s + q2
, cosψ =
k′√
k2g2s + k
′2
. (2.3)
Here (p, q) and (k, k′) are two sets of relatively prime integers which appear in the integral
charges of (F, D1, NS5, D5) system as (N ′,M ′, N,M) = (kp, kq,−k′q, k′p). Note that the
number of NS5 branes is |N | = k′q and D5 branes is M = k′p. The form of Q5 in (2.2) is
given as
Q5 =
[
(p− χ0q)2g2s + q2
]1/2 [
k2g2s + k
′2
]1/2
α′. (2.4)
Note that Q5 can be expressed in terms of the angles as follows
Q5 =
Nα′
cosϕ cosψ
=
(M − χ0N) gsα′
sinϕ cosψ
. (2.5)
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We will also use these forms of Q5 while discussing OD1 and NCOS limits later. We
note here that among the angles given in (2.3), cosψ is SL(2, Z) invariant, but cosϕ is
not. Also Q5 is SL(2, Z) invariant. Therefore while the harmonic functions H and H
′
are SL(2, Z) invariant H ′′ is not. The RR 4-form in (2.1) is SL(2, Z) invariant but the
other fields change under SL(2, Z) transformation. These will be useful when we study
the SL(2, Z) transformation of various decoupled theories.
3 NCOS and OD1 limit in the special cases and S-
duality
We have already mentioned in the introduction that we can obtain (F, D5) bound state
and (D1, NS5) bound state as special cases from the general bound state (F, D1, NS5,
D5) given in the previous section. It is clear that when the integers q = 0, p = 1 and
χ0 = 0, we get (F, D5) bound state with charges (k, k
′) and similarly when q = 1, p = 0
along with χ0 = 0 we get (D1, NS5) bound state with charges (−k′, k). We will review
the NCOS and OD1 decoupling limits for (F, D5) and (D1, NS5) bound states repectively
and show that the supergravity dual of NCOS theory gets mapped to that of OD1 theory
by S-duality. This has already been discussed in [11], but we will show the full mapping
including the NSNS and RR gauge fields.
3.1 (F, D5) solution and NCOS-limit
When q = 0, p = 1 and χ0 = 0 we find from (2.3) that cosϕ = 0. Therefore, H
′′ = 1. In
this case (F, D1, NS5, D5) configuration in (2.1) reduces to (F, D5) solution and is given
as,
ds2 = H ′1/2
[
H−1(−(dx0)2 + (dx1)2) +H ′−1
5∑
i=2
(dxi)2 + dr2 + r2dΩ23
]
,
eφ = gsH
−1/2, χ = 0,
FNS = sinψdH
−1 ∧ dx0 ∧ dx1,
FRR = −2 cosψ
gs
Q5 ǫ3,
C4 =
tanψ
gs
(
1−H ′−1
)
dx2 ∧ dx3 ∧ dx4 ∧ dx5. (3.1)
From the second expression of (2.5) we find the form of Q5 as
Q5 =
Mgsα
′
cosψ
(3.2)
7
and so the harmonic functions have the forms (see eq.(2.2))
H = 1 +
Mgsα
′
cosψr2
,
H ′ = 1 +
cosψMgsα
′
r2
, (3.3)
where M is the number of D5-branes. The NCOS decoupling limit [4] can be summarized
as follows. We define a positive, dimensionless scaling parameter ǫ and take cosψ = ǫ→ 0,
keeping the following quantities fixed,
α′eff =
α′
ǫ
, G2o = ǫgs, u =
r√
ǫα′eff
. (3.4)
In the above G2o is the coupling constant, α
′
eff is the length scale and u is the energy
parameter in the NCOS theory. Under this limit, the harmonic functions in (3.3) reduce
to
H =
1
a2ǫ2u2
, H ′ =
h′
a2u2
, (3.5)
where we have defined a2 = α′eff/MG
2
o and h
′ = 1+ a2u2. Then the supergravity configu-
ration in (3.1) take the forms
ds2 = ǫh′1/2au
[
−(dx˜0)2 + (dx˜1)2 + h′−1
5∑
i=2
(dx˜i)2 +
MG2oα
′
eff
u2
(
du2 + u2dΩ23
)]
,
eφ = G2oau,
B01 = ǫa
2u2,
FRR = −2ǫMα′eff ǫ3,
C2345 = ǫ
2/(G2oh
′). (3.6)
In the above we have defined the fixed coordinates as
x˜0,1 =
√
ǫx0,1, x˜2,...,5 =
1√
ǫ
x2,...,5. (3.7)
Note that this is precisely the (5+1) dimensional NCOS limit given in [4]. Also B01
in (3.6) is the NSNS 2-form potential in component form and C2345 is the RR 4-form
potential in component form. (3.6) describes the supergravity dual of (5+1) dimensional
NCOS theory. The gravity dual description is valid as long as eφ ≪ 1 and the curvature
measured in units of α′ remains small.
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3.2 (D1, NS5) solution and OD1 limit
The (D1, NS5) solution can be obtained from (2.1) when q = 1, p = 0 and also χ0 = 0.
In this case cosϕ = 1 (from (2.3)) and therefore from (2.2) harmonic functions H = H ′′.
This solution now takes the form,
ds¯2 = H ′1/2H1/2
[
H−1(−(dx0)2 + (dx1)2) +H ′−1
5∑
i=2
(dxi)2 + dr2 + r2dΩ23
]
,
eφ¯ = gsH
1/2, χ¯ = 0,
F¯NS = 2 cosψQ5ǫ3,
F¯RR =
sinψ
gs
dH−1 ∧ dx0 ∧ dx1,
C¯4 =
tanψ
gs
(
1−H ′−1
)
dx2 ∧ dx3 ∧ dx4 ∧ dx5. (3.8)
To avoid notational confusion we have denoted the fields of (D1, NS5) solution with a
‘bar’. Now from the first expression of (2.5) we have the form of Q5 as
Q5 =
Nα′
cosψ
(3.9)
and therefore the harmonic functions in (2.2) are given as
H = 1 +
Nα′
cosψr2
, H ′ = 1 +
cosψNα′
r2
(3.10)
where N is the number of NS5-branes. The OD1 decoupling limit is obtained by defining
the positive scaling parameter ǫ and taking cosψ = ǫ→ 0, keeping the following quantities
fixed
α˜′eff =
α˜′
ǫ
, G2o(1) =
gs
ǫ
, u˜ =
r
ǫα˜′eff
(3.11)
where α˜′ = α′/G2o(1). In the above α˜
′
eff is the length scale, G
2
o(1) is the coupling constant
and u˜ is the energy parameter in the OD1 theory. In this limit the harmonic functions in
(3.10) are given as
H =
1
c2ǫ2u˜2
, H ′ =
f ′
c2u˜2
(3.12)
where we have defined c2 = α˜′eff/(NG
2
o(1)) and f
′ = 1+ c2u˜2. The supergravity configura-
tion in (3.8) then takes the form,
ds¯2 = ǫG2o(1)f
′1/2
[
−(dx¯0)2 + (dx¯1)2 + f ′−1
5∑
i=2
(dx¯i)2 +
Nα˜′eff
u˜2
(
du˜2 + u˜2dΩ23
)]
,
eφ¯ =
G2o(1)
cu˜
,
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F¯NS = 2ǫNG
2
o(1)α˜
′
effǫ3
C¯01 = ǫc
2u˜2,
C¯2345 = ǫ
2G2o(1)/f
′. (3.13)
In the above we have defined the fixed coordinates as,
x¯0,1 =
x0,1
Go(1)
, x¯2,...,5 =
1
ǫGo(1)
x2,...,5. (3.14)
Here C¯01 is the RR 2-form potential in the component form and C¯2345 is the RR 4-form
potential in component form. Eq.(3.13) describes the supergravity dual of OD1 theory.
3.3 S-duality between NCOS and OD1 theory
In this subsection we will show that under the S-duality of type IIB supergravity, the
gravity dual configuration of NCOS theory gets mapped to those of OD1 theory. Note
that the S-dual configuration of NCOS theory would be given as
dsˆ2 = e−φds2,
eφˆ = e−φ,
FˆNS = −FRR,
Cˆ01 = B01,
Cˆ2345 = C2345. (3.15)
Using these we get from (3.6) the S-dual supergravity configuration of NCOS theory as,
dsˆ2 =
ǫh′1/2
G2o
[
−(dx˜0)2 + (dx˜1)2 + h′−1
5∑
i=2
(dx˜i)2 +
MG2oα
′
eff
u2
(
du2 + u2dΩ23
)]
,
eφˆ =
1
G2oau
,
FˆNS = 2ǫMα
′
effǫ3,
Cˆ01 = ǫa
2u2,
Cˆ2345 = ǫ
2/(G2oh
′). (3.16)
Here x˜0,1 and x˜2,...,5 are the same as given in (3.7). Comparing (3.16) with the field in OD1
theory given in (3.13) we find that they match exactly with the following identification
h′ = f ′, G2o =
1
G2o(1)
, α′eff = G
2
o(1)α˜
′
eff , M = N,
and x˜0,1 = x¯0,1, x˜2,...,5 = x¯2,...,5. (3.17)
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The first condition in (3.17) implies
a2u2 = c2u˜2 ⇒ u = u˜
G3o(1)
. (3.18)
This gives a relation between the energy parameters in NCOS theory and OD1 theory.
Thus we find that the coupling constant and the length scales in these two theories are
related as given in (3.17) showing that these two theories are S-dual to each other. From
the coordinate relation given in (3.17), it is clear that the coordinates of the gravity
dual configurations of NCOS theory (x0,1,...,5(NCOS)) and OD1 theory (x0,1,...,5(OD1))
have a relative scaling of the form x0,1,...,5(NCOS) = 1/(Go(1)
√
ǫ)x0,1,...,5(OD1). Simi-
larly, the radial coordinates in these two theories also have a relative scaling r(NCOS) =
1/(Go(1)
√
ǫ)r(OD1) as can be seen from (3.4) and (3.11) if the parameters in these two
theories are related as in (3.17) and (3.18). The reason for this can be traced back as
follows. Note that the metric for both (F, D5) and (D1, NS5) supergravity configuration
given respectively in (3.1) and (3.8) are asymptotically Minkowskian and we have taken
decoupling limits on them. However, when we take S-duality on the gravity dual of NCOS
in (3.15), the S-dual metric (dsˆ2) is not asymptotically Minkowskian, since, as usual, we
have absorbed a factor of gs in ds
2 in the r.h.s. of the metric expression in (3.15). So, to
compensate this effect we have to multiply a g−1/2s =
√
ǫ/Go(=
√
ǫGo(1)) on the NCOS co-
ordinate while the OD1 coordinates remain the same. We note by comparing the gravity
dual configurations of NCOS theory in (3.6) and OD1 theory in (3.13) that they cannot
be identified with the parametric relations Go = Go(1) and α
′
eff = α˜
′
eff/G
2
o(1) and so the
self-duality conjecture of (5+1) dimensional NCOS and OD1 cannot be tested at the level
of gravity dual. We will mention more about it in the context of full (F, D1, NS5, D5)
solution in the next section.
4 NCOS and OD1 limit for (F, D1, NS5, D5) bound
state with rational χ0 and S-duality
In this section we consider the full (F, D1, NS5, D5) supergravity configuration with
rational χ0. When χ0 is rational we can always make an SL(2, Z) transformation such
that χ0 vanishes. Therefore, we will take the supergravity configuration (2.1) with χ0 = 0.
We will obtain both the NCOS limit and OD1 limit for this configuration discussed in
the previous section. We will show as in the previous section that the supergravity dual
of NCOS and OD1 get mapped to each other under S-duality. We will also comment on
the self-duality of (5+1) dimensional NCOS theory.
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4.1 (F, D1, NS5, D5) solution and NCOS limit
The NCOS limit for the (F, D5) solution is given in (3.4). In that case cosϕ = 0, but
here we will take cosϕ to scale as
cosϕ = lǫ, (4.1)
where l is a finite parameter such that lǫ → 0, but |l| obviously has to be less than 1/ǫ.
So eq.(3.4) along with (4.1) define the NCOS limit in this case. The harmonic functions
(2.2) in this case take the forms,
H = 1 +
Mgsα
′
cosψ sinϕr2
,
H ′ = 1 +
cosψMgsα
′
sinϕr2
,
H ′′ = 1 +
cos2 ϕMgsα
′
cosψ sinϕr2
, (4.2)
where we have used the form of Q5 in (2.5). Here M = k
′p denotes the number of
D5-branes. Now in the decoupling limit (3.4) and (4.1) the harmonic functions reduce to
H =
1
a2ǫ2u2
, H ′ =
h′
a2u2
, H ′′ =
h′′
a˜2u2
. (4.3)
In the above a2 = α′eff/(MG
2
o) as in (3.5) and h
′ = 1 + a2u2, but a˜2 = α′eff/(MG
2
ol
2) and
h′′ = 1 + a˜2u2. We thus have a/a˜ = l and aa˜ = α′eff/(MG
2
ol). Using the decoupling limit
and eq.(4.3), we find that the full supergravity configuration (eq.(2.1) with χ0 = 0) reduce
to,
ds2 = ǫlh′1/2h′′1/2
[
−(dx˜0)2 + (dx˜1)2 + h′−1
5∑
i=2
(dx˜i)2 +
MG2oα
′
eff
u2
(
du2 + u2dΩ23
)]
,
eφ = G2oh
′′
l2
au
=
G2oh
′′l
a˜u
, χ =
1
lh′′G2o
,
B01 = ǫa
2u2, FNS = 2ǫlMG
2
oα
′
effǫ3,
C01 = ǫ
3 l
G2o
a2u2, FRR = −2ǫMα′eff ǫ3,
C2345 = ǫ
2/(G2oh
′). (4.4)
In the above the fixed coordinates x˜0,1,...,5 are again as given before in (3.7). Note from
eq.(2.1) that NSNS and RR 3-form field strengths have two parts each, so in (4.4) B01
and C01 denote respectively the 01 components of NSNS and RR 2-form potentials. The
other parts FNS and FRR are kept as it is. C2345 is the 4-form potential in component
form. Eq.(4.4) represents the gravity dual description of NCOS theory.
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4.2 (F, D1, NS5, D5) solution and OD1 limit
The OD1 limit for the (D1, NS5) solution is given in (3.11). In that case the angle
cosϕ = 1 i.e. sinϕ = 0, but here we will take sinϕ to scale as,
sinϕ = l˜ǫ, (4.5)
where l˜ is another finite parameter such that l˜ǫ → 0, with |l˜| < 1/ǫ. So, eq.(3.11) along
with (4.5) define the OD1-limit in this case. The harmonic functions (2.2) for this case
take the forms,
H = 1 +
Nα′
cosψ cosϕr2
,
H ′ = 1 +
cosψNα′
cosϕr2
,
H ′′ = 1 +
cosϕNα′
cosψr2
, (4.6)
where we have used the form of Q5 in eq (2.5). Here N = k
′q represents the number
of NS5-branes. In the OD1 decoupling limit given by eq.(3.11) and (4.5), the harmonic
functions in (4.6) reduce to
H =
1
c2ǫ2u˜2
, H ′ =
f ′
c2u˜2
, H ′′ =
1
c2ǫ2u˜2
. (4.7)
In the above c2 = α˜′eff/(NG
2
o(1)) as given before and f
′ = 1 + c2u˜2. Using this, the full
supergravity configuration (eq.(2.1) with χ0 = 0) takes the form,
ds¯2 = ǫf ′1/2G2o(1)
[
−(dx¯0)2 + (dx¯1)2 + f ′−1
5∑
i=2
(dx¯i)2 +
Nα˜′eff
u˜2
(
du˜2 + u˜2dΩ23
)]
,
eφ¯ =
G2o(1)
cu˜
, χ¯ =
l˜
G2o(1)
,
B¯01 = ǫ
3 l˜G2o(1)c
2u˜2, F¯NS = 2ǫNG
2
o(1)α˜
′
effǫ3,
C¯01 = ǫc
2u˜2, F¯RR = −2ǫl˜Nα˜′effǫ3,
C¯2345 = ǫ
2G2o(1)/f
′. (4.8)
Here the fixed coordinates, x¯0,1,...,5 are the same as defined before in (3.14). So eq.(4.8)
represents the gravity dual description of OD1 theory.
4.3 S-duality between NCOS and OD1 theory in general case
We have obtained the gravity dual configurations of NCOS and OD1 theory from the
decoupling limits on the same supergravity solution (F, D1, NS5, D5) in eqs (4.4) and
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(4.8). In this subsection we will show that these two theories are related by S-duality
even for these more general NCOS and OD1 theories. The S-dual configuration of NCOS
theory would be given as
dsˆ2 = |λ|ds2,
eφˆ = |λ|2eφ, χˆ = − χ|λ|2 ,
Bˆ01 = −C01, FˆNS = −FRR,
Cˆ01 = B01, FˆRR = FNS,
Cˆ2345 = C2345, (4.9)
where |λ| =
√
χ2 + e−2φ. As before here also we have absorbed a factor of |λ0|−1 in ds2
on the r.h.s. of the metric expression in (4.9). The value of |λ| can be calculated from
(4.4) and has the form |λ| = 1/(lG2oh′′1/2).
So, using (4.9) and (4.4), we find the S-dual configuration of NCOS theory as,
dsˆ2 =
ǫh′1/2
G2o
[
−(dx˜0)2 + (dx˜1)2 + h′−1
5∑
i=2
(dx˜i)2 +
MG2oα
′
eff
u2
(
du2 + u2dΩ23
)]
,
eφˆ =
1
G2oau
, χˆ = −lG2o,
Bˆ01 = −ǫ3 l
G2o
a2u2, FˆNS = 2ǫMα
′
effǫ3,
Cˆ01 = ǫa
2u2, FˆRR = 2ǫlMG
2
oα
′
effǫ3,
Cˆ2345 =
ǫ2
G2oh
′
. (4.10)
By comparing the S-dual NCOS configuration (4.10) with the OD1 configuration given
in (4.8), we find that all the fields indeed match exactly with the same identification of
parameters (3.17) and (3.18) along with an extra condition
l = −l˜ (4.11)
This therefore shows that under S-duality the gravity dual configuration of NCOS theory
gets mapped to that of OD1 theory. So, indeed these two theories are related by strong-
weak duality symmetry.
4.4 On self-duality of (5+1) dimensional NCOS or OD1
We have already shown in the previous subsection that for the general case NCOS theory
is S-dual to OD1 theory with the parametric relations G2o = 1/G
2
o(1) and α
′
eff = G
2
o(1)α˜
′
eff .
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So the strongly coupled NCOS theory gets mapped to the weakly coupled region of OD1
theory and vice-versa. However, in order to show the self-duality of either the (5+1)
NCOS theory or OD1 theory we must show that these two theories may be identified
with the parametric relations Go = Go(1) and α
′
eff = α˜
′
eff/G
2
o(1). In other words, the strong
coupling region of NCOS (OD1) theory must get mapped to the strong coupling region
of OD1 (NCOS) theory or the weak coupling region of one theory must map to the weak
coupling region of other theory. We will try to see whether at the level of supergravity
dual we can make this identification. However, note that the same OD1 limit (3.11) and
(4.5) will not do the job and we need to modify it by replacing G2o(1) → 1/G2o(1). So, the
OD1 limit we take is the following.
ǫ→ 0, cosψ = ǫ→ 0, sinϕ = l˜ǫ→ 0, (4.12)
keeping the following quantities fixed,
α˜′eff =
α˜′
ǫ
, G2o(1) =
ǫ
gs
, u˜ =
r
ǫα˜′eff
, (4.13)
where α˜′ = G2o(1)α
′. The harmonic functions (4.6) in this limit take the forms,
H =
1
b2ǫ2u˜2
, H ′ =
g′
b2u˜2
, H ′′ =
1
b2ǫ2u˜2
, (4.14)
where b2 = G2o(1)α˜
′
eff/N and g
′ = 1 + b2u˜2. The supergravity configuration is therefore
given as,
ds¯2 =
ǫg′1/2
G2o(1)
[
−(dx¯0)2 + (dx¯1)2 + g′−1
5∑
i=2
(dx¯i)2 +
Nα˜′eff
u˜2
(
du˜2 + u˜2dΩ23
)]
,
eφ¯ =
1
G2o(1)bu˜
, χ¯ = l˜G2o(1),
B¯01 =
ǫ3 l˜
G2o(1)
b2u˜2, F¯NS =
2Nǫα˜′eff
G2o(1)
ǫ3,
C¯01 = ǫb
2u˜2, F¯RR = −2Nǫl˜α˜′effǫ3,
C¯2345 =
ǫ2
G2o(1)g
′
, (4.15)
where the fixed coordinates are defined as,
x¯0,1 = Go(1)x
0,1, and x¯2,...,5 =
Go(1)
ǫ
x2,...,5. (4.16)
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By comparing (4.15) with the NCOS supergravity configuration (4.4) we find that the
fields may be identified as the following,
ds¯2 = ds2, eφ¯ = eφ, χ¯ = −χ, B¯01 = −C01, F¯NS = −FRR
C¯01 = B01, F¯RR = FNS, and C¯2345 = C2345, (4.17)
if we impose the following conditions on the parameters of the two theories,
lh′′1/2 =
1
G2o
, h′ = g′, G2o = G
2
o(1), α
′
eff =
α˜′eff
G2o(1)
,
M = N, and l = −l˜. (4.18)
Note that the second condition in (4.18) gives a relation between the energy parameters
of NCOS theory (u) and OD1 theory (u˜) as,
u = u˜G3o(1), or u˜ =
u
G3o
, (4.19)
very similar to the relation we have already found in (3.18). From (4.17) and (4.18), it
might seem that we have been able to identify NCOS theory woth OD1 theory implying
that we have been able to show the self-duality conjecture at the level of supergravity
dual. However, this is not true. In fact if we look closely to the first condition in (4.18),
we find that it implies5
h′′ ≈ 1, and l = 1
G2o
. (4.20)
h′′ ≈ 1 implies a˜2u2 ≪ 1 or in other words, the above identification can be made only if
the energy parameter in the NCOS theory satisfies
u2 ≪ M
α′effG
2
o
. (4.21)
Note that this does not necessarily imply that h′ ≈ 1 also since a2 = α′eff/(MG2o). But
from the expression of eφ in (4.4) i.e. for NCOS theory, we find that precisely in the energy
region (4.21), it blows up indicating that the supergravity description breaks down6. This
5If we do not separate the condition as given below in eq.(4.20), then this implies that the field
identification (4.17) can be made only at a single value of the energy given by u2 = M
α′
eff
G2
o
− MG2ol2
α′
eff
.
Even in this case the effective coupling eφ does not remain small since eφ ≪ 1 ⇒ u2 ≫ M
α′
eff
G2
o
. So
supergravity description can not be trusted.
6The condition h′′ ≈ 1, h′ 6≈ 1 can be satisfied if G2o ≪ 1 i.e. in the weak coupling region of NCOS (or
OD1) theory. But note that for G2o ≫ 1, h′′ and h′ get interchanged and we have h′ ≈ 1, h′′ 6≈ 1. Thus
we still get the mapping of NCOS and OD1 fields with h′′ and h′ interchanged and the same conclusion
holds for this case.
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clearly shows that the identification of NCOS and OD1 theory can not be made at the
level of supergravity dual and therefore in order to test the self-duality conjecture some
non-perturbative techniques may be required. However, we would like to remark that
since we have been able to map the fields of NCOS theory with those of OD1 theory
as expected from various low energy arguments mentioned in the introduction, it might
be possible that the supergravity description remains valid even in the strong coupling
region (where eφ ≫ 1) due to some underlying non-renormalization effect. But we can
not justify the validity of such remark any further at this point.
5 (F, D1, NS5, D5) solution with irrational χ0, NCOS,
OD1 limits and SL(2, Z) duality
In this section we will study the (F, D1, NS5, D5) supergravity configuration for irrational
χ0 and obtain both NCOS and OD1 limits. Since type IIB string theory is believed to
possess an SL(2, Z) invariance and (F, D1, NS5, D5) state is SL(2, Z) invariant, we also
discuss the SL(2, Z) transformation of both these theories.
Under an SL(2, Z) transformation by the matrix

 v w
r s

, where v, w, r, s are in-
tegers with vs− rw = 1, the various fields of type IIB supergravity transform as,
gEµν → gEµν , τ →
vτ + w
rτ + s
,

 FNS
FRR

→

 s −r
−w v



 FNS
FRR


C4 → C4, (5.1)
where gEµν is the Einstein metric and τ = χ + ie
−φ. The explicit transformation of the
dilaton and the axion are
eφˆ = |rτ + s|2eφ = |λ|2eφ
χˆ =
(vχ+ w)(rχ+ s) + vre−2φ
|rτ + s|2 (5.2)
and the string frame metric gµν = e
φ/2gEµν transforms as,
dsˆ2 = |λ|ds2, (5.3)
where we have defined |λ| = |rτ + s|. If we demand that the transformed metric be
asymptotically Minkowskian then
dsˆ2 =
|λ|
|λ0|ds
2. (5.4)
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In the above |λ0| = |rτ0 + s| =
[
(rχ0 + s)
2 + r2e−2φ0
]1/2
, with eφ0 = gs, the closed string
coupling and χ0, the asymptotic value of the axion. We will use these transformations to
study the SL(2, Z) duality of the decoupled theories.
5.1 NCOS limit and SL(2, Z) duality
The supergravity solution is given in (2.1), where the harmonic functions are now of the
forms,
H = 1 +
(M − χ0N)gsα′
cosψ sinϕr2
,
H ′ = 1 +
(M − χ0N)gsα′ cosψ
sinϕr2
,
H ′′ = 1 +
(M − χ0N)gsα′ cos2 ϕ
cosψ sinϕr2
. (5.5)
In the NCOS decoupling limit (3.4) and (4.1), they reduce to
H =
1
a2ǫ2u2
, H ′ =
h′
a2u2
, H ′′ =
h′′
a˜2u2
, (5.6)
where a2 = α′eff/((M − χ0N)G2o), h′ = 1 + a2u2 and a˜2 = α′eff/((M − χ0N)G2ol2), h′′ =
1 + a˜2u2. Note that the parameters a and a˜ here have different values from the previous
sections. Using (5.1) and the decoupling limit (3.4) and (4.1) we get the metric, dilaton
and axion from eq.(2.1) in the following form7
ds2 = ǫlh′1/2h′′1/2
[
−(dx˜0)2 + (dx˜1)2 + h′−1
5∑
i=2
(dx˜i)2 +
(M − χ0N)α′eff
u2
(du2 + u2dΩ23)
]
eφ =
G2ol
2h′′
au
, χ =
1
h′′G2ol
+ χ0. (5.7)
where x˜0,1,...,5 are the same as given in (3.7). This is the gravity dual of NCOS theory
when χ0 is irrational.
In order to make an SL(2, Z) transformation on this configuration we need to calculate
|λ| first. From the forms of eφ and χ in (5.7), we get
|λ| =
(
rχ0 + s+
r
G2ol
)
hˆ′′1/2
h′′1/2
, (5.8)
7Since the forms of the metric and dilaton essentially determine the nature of the decoupled theory,
we will not give the explicit forms of other fields. The axion is required for the SL(2, Z) transformation.
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where hˆ′′ = 1 + aˆ2u2. The parameter aˆ2 is defined in terms of a˜2 as follows,
aˆ2 =
(rχ0 + s)
2(
rχ0 + s+
r
G2
o
l
)2 a˜2. (5.9)
Substituting |λ| (given in (5.8)) and noting that |λ0| = (rχ0 + s) for NCOS limit we find
the SL(2, Z) transformed metric from (5.4) as,
dsˆ2 = ǫlˆh′1/2hˆ′′1/2
[
−(dx˜0)2 + (dx˜1)2 + h′−1
5∑
i=2
(dx˜i)2 +
(Mˆ − χˆ0Nˆ)αˆ′eff
u2
(du2 + u2dΩ23)
]
.
(5.10)
Similarly the dilaton can be obtained from (5.2) as,
eφˆ =
Gˆ2o lˆ
2hˆ′′
au
, (5.11)
where we have defined the SL(2, Z) transformed parameters Gˆ2o, lˆ, αˆ
′
eff and (Mˆ − χˆ0Nˆ)
as follows,
Gˆ2o = (rχ0 + s)
2G2o, lˆ =
(
rχ0 + s+
r
G2
o
l
)
(rχ0 + s)
l
αˆ′eff = (rχ0 + s)α
′
eff , (Mˆ − χˆ0Nˆ) =
(M − χ0N)
(rχ0 + s)
. (5.12)
Comparing (5.10) and (5.11) with the metric and dilaton in (5.7) we find that they have
precisely the same form and thus we conclude that when χ0 is irrational an SL(2, Z)
transformation on NCOS theory gives another NCOS theory with different parameters
related to the old parameters by eq.(5.12).
We would like to make a few comments here. First of all, note that the scaling
parameter ǫ which is equal to cosψ is SL(2, Z) invariant and so, the coordinates x˜0,1,...,5
have the same form as the original NCOS gravity dual configuration in (5.7). Also, the
parameter a˜2 as well as h′′ transforms under SL(2, Z) according to (5.9) while a2 and h′
are SL(2, Z) invariant. This can be understood from (2.2) since H and H ′ are SL(2, Z)
invariant, but H ′′ is not. Also note that the parameter l which is proportional to cosϕ is
not SL(2, Z) invariant, but transforms according to eq.(5.12). Furthermore, we point out
that the combination (M −χ0N)α′eff is SL(2, Z) invariant, but separately they transform
according to (5.12). From the transformation of χ0, it can be easily checked that if we
start with an irrational χ0, the transformed NCOS theory will also have irrational χ0. The
relations between the coupling constants and the length scales of the two NCOS theories
are also given in (5.12). Lastly, we observe from eq.(5.8) that there are two special cases
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which may arise. Case (a) (rχ0 + s) = 0 i.e. χ0 is rational. In this case, the transformed
theory (5.10) and (5.11) reduces to OD1 theory as expected and studied in section 4.
Case (b)
(
rχ0 + s+
r
G2
o
l
)
= 0. In this case, the parameter l of the transformed theory (lˆ)
vanishes, which means cosϕ vanishes. This is precisely the NCOS theory we obtained as
the decoupling limit of (F, D5) configuration studied in subsection 3.1.
5.2 OD1 limit and SL(2, Z) duality
We have seen in the previous subsection that when χ0 is irrational an NCOS theory
will always go over to another NCOS theory with different parameters under SL(2, Z)
transformation. This will not be true for OD1 theory as we will see in this subsection.
Again we start with the supergravity configuration in (2.1). Under the OD1 decoupling
limit eqs.(3.11) and (4.5) the harmonic functions take the forms,
H = 1 +
Nα′
cosϕ cosψr2
=
1
c2ǫ2u˜2
,
H ′ = 1 +
cosψNα′
cosϕr2
=
f ′
c2u˜2
,
H ′′ = 1 +
cosϕNα′
cosψr2
=
1
c2ǫ2u˜2
. (5.13)
Note that in this case the harmonic functions have exactly the same forms as in the case
of OD1 theory with rational χ0 given in eq.(4.7). Of course, the explicit form of the angle
cosϕ in eq.(2.3) is different in this case. The parameters c2 and f ′ are as defined before.
The metric, dilaton and the axion in the decoupling limit have the forms,
ds¯2 = ǫf ′1/2G2o(1)
[
−(dx¯0)2 + (dx¯1)2 + f ′−1
5∑
i=2
(dx¯i)2 +
Nα˜′eff
u˜2
(du˜2 + u˜2dΩ23)
]
eφ¯ =
G2o(1)
cu˜
, χ¯ =
l˜
G2o(1)
+ χ0. (5.14)
The coordinates x¯0,1,...,5 are the same as in (3.14). For SL(2, Z) transformation we calcu-
late |λ| as before and it has the form
|λ| =

rχ0 + s+ rl˜
G2o(1)

 f ′′1/2, (5.15)
where we have defined
f ′′ =

1 + r
2(
rχ0 + s+
rl˜
G2
o(1)
)2 c
2u˜2
G4o(1)

 . (5.16)
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Now if we define new parameters l and c˜ by the following relations
r2l2 =

rχ0 + s+ rl˜
G2o(1)


2
G4o(1),
c˜2 =
c2
l2
, (5.17)
then f ′′ in eq.(5.16) becomes f ′′ = 1 + c˜2u˜2 and the SL(2, Z) transformd metric and
dilaton become
dsˆ2 = ǫlf ′1/2f ′′1/2
[
−(dx¯0)2 + (dx¯1)2 + f ′−1
5∑
i=2
(dx¯i)2 +
Nrα˜′eff
u˜2
(du˜2 + u˜2dΩ23)
]
,
eφˆ = f ′′
r2l2
G2o(1)cu˜
, (5.18)
where we have scaled the coordinates x¯0,1,...,5 → √rx¯0,1,...,5. Now comparing (5.18) with
the metric and dilaton given in eq.(4.4) we notice that if the energy parameters u˜ and
u satisfy the same relation given in (3.18) then we get precisely the NCOS supergravity
configuration in (4.4). The parameters of these two theories are related as,
G2o =
r2
G2o(1)
, and G2oα
′
eff = ra˜
′
eff . (5.19)
One thing to notice here is that, we started out with an OD1 theory with irrational χ0,
but after SL(2, Z) transformation we get an NCOS theory with rational8 χ0 (since (5.18)
is the NCOS supergravity configuration for rational χ0). Also, since NCOS theory with
rational χ0 is S-dual to OD1 theory with also rational χ0 (discussed in section 4), so OD1
theory with irrational χ0 and rational χ0 are equivalent.
6 (F, D1, NS5, D5) solution, OD5 limit and SL(2, Z)
duality
So far we have seen how NCOS and OD1 theory arise from the decoupling limit of (F,
D1, NS5, D5) supergravity configuration and studied various properties of them. In this
section we will discuss OD5 limit i.e. how OD5 theory also arises from a decoupling limit
of the same supergravity configuration. We will first consider OD5 limit for rational χ0
(χ0 = 0) and study S-duality and then consider the same limit for irrational χ0 (χ0 6= 0)
and study the general SL(2, Z) transformation properties as in the previous sections.
8This can also be understood from the SL(2, Z) transformation of χ0 and gs given in (5.2) for OD1
limit.
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6.1 OD5 limit for rational χ0 and S-duality
Since χ0 is rational we can set it to zero by an SL(2, Z) transformation. So, the supergrav-
ity solution we take is (2.1) with χ0 = 0. OD5 limit is taken by defining a dimensionless
scaling parameter ǫ with cosϕ = ǫ→ 0, keeping the following quantities fixed,
α˜′eff =
α′
ǫ
, G2o(5) = ǫgs, u =
r
ǫα˜′eff
, cosψ = l = finite < 1. (6.1)
In the above G2o(5) is the coupling constant of OD5 theory and α˜
′
eff is the length scale.
Note that the scaling parameter ǫ and the parameter l above have nothing to do with the
parameters defined in the earlier sections. Also the case l = 1 corresponds to k = 0 (see
eq.(2.3)) and so (F, D1) strings are absent and this case has already been studied before
in [4, 9, 19]. In the decoupling limit (6.1) the harmonic functions take the forms,
H = 1 +
Nα′
cosϕ cosψr2
=
1
d2ǫ2u2
,
H ′ = 1 +
cosψNα′
cosϕr2
=
1
d˜2ǫ2u2
,
H ′′ = 1 +
cosϕNα′
cosψr2
=
F ′′
d2u2
, (6.2)
where d2 = α˜′eff l/N , d˜
2 = α˜′eff/(Nl) and F
′′ = 1 + d2u2, with N representing the number
of NS5 branes. Therefore, dd˜ = α˜′eff/N and d/d˜ = l. The gravity dual configuration of
OD5 theory obtained from (2.1) is
ds2 = ǫF ′′1/2
[
−(dx˜0)2 +
5∑
i=1
(dx˜i)2 +
Nα˜′eff
u2
(
du2 + u2dΩ23
)]
,
eφ =
G2o(5)F
′′
du
, χ =
1
G2o(5)F
′′
,
B01 =
√
1− l2
l
ǫ2d2u2, FNS = 2Nα
′ǫ3,
C01 =
ǫ4
√
1− l2
lG2o(5)
d2u2, FRR = −2Mα′ǫ3,
C2345 =
ǫl
√
1− l2
G2o(5)
, (6.3)
where the fixed coordinates are defined as
x˜0,1 =
√
lx0,1, x˜2,...,5 =
1√
l
x2,...,5, (6.4)
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where M is the number of D5 branes. This is the gravity dual description of OD5 theory.
The S-dual configuration of OD5 theory can be obtained using the general relations given
in (4.9). We calculate |λ| = [χ2 + e−2φ]1/2 from (6.3) for this purpose as,
|λ| = 1
F ′′1/2G2o(5)
. (6.5)
Also insisting that the transformed metric be asymptotically Minkowskian such that dsˆ2 =
(|λ|/|λ0|)ds2, with |λ0| = ǫ/G2o(5), we get the S-dual configuration as,
dsˆ2 = −(dx˜0)2 +
5∑
i=1
(dx˜i)2 +
Nα˜′eff
u2
(
du2 + u2dΩ23
)
,
eφˆ =
1
G2o(5)du
, χˆ = −G2o(5) = −
N
M
= a rational no.,
Bˆ01 = −C01, FˆNS = −FRR,
Cˆ01 = B01, FˆRR = FNS,
Cˆ2345 = C2345. (6.6)
We note from above that in the UV, eφˆ ≪ 1 and for N ≫ 1, the curvature remains
small and therefore we have a valid supergravity description. By comparison [28, 29], we
find that this is precisely the supergravity dual of LST, where the closed string coupling
gs = ǫ/G
2
o(5) → 0 and α˜′ef = finite (the length scale of LST). Thus we conclude that OD5
theory goes over to LST under type IIB S-duality.
6.2 OD5 limit for irrational χ0 and SL(2, Z) duality
In this case χ0 6= 0 in the (F, D1, NS5, D5) bound state given in (2.1). Under OD5 limit
(6.1), the harmonic functions take exactly the same form as given in (6.2), although the
explicit form of cosϕ is different for this case. So, the metric and dilaton have exactly
the same form as in (6.3), but the axion is modified to include χ0 term
9. So,
χ =
1
G2o(5)F
′′
+ χ0. (6.7)
The SL(2, Z) transformation of various fields are given in (5.1) – (5.4). For this purpose
we calculate,
|λ| = |rτ + s| =

rχ0 + s+ r
G2o(5)

 Fˆ ′′1/2
F ′′1/2
, (6.8)
9Here also we do not give the explicit forms of other gauge fields since we will only indicate the nature
of the SL(2, Z) transformed theory.
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where Fˆ ′′ = 1 + dˆ2u2. The parameter dˆ2 is given in terms of d2 as,
dˆ2 =
(rχ0 + s)
2(
rχ0 + s+
r
G2
o(5)
)2d2. (6.9)
The SL(2, Z) transformed metric and dilaton can be obtained from (5.4) and (5.2) as,
dsˆ2 = ǫˆFˆ ′′1/2

−(dx˜0)2 + 5∑
i=1
(dx˜i)2 +
Nˆ ˆ˜α
′
eff
u2
(
du2 + u2dΩ23
) ,
eφˆ =
Gˆ2o(5)Fˆ
′′
dˆu
, (6.10)
where the SL(2, Z) transformed parameters are given as,
ǫˆ =
(
rχ0 + s+
r
G2
o(5)
)
(rχ0 + s)
ǫ, ˆ˜α
′
eff =
(rχ0 + s)(
rχ0 + s+
r
G2
o(5)
) α˜′eff ,
Nˆ =
(
rχ0 + s+
r
G2
o(5)
)
(rχ0 + s)
N, Gˆ2o(5) =

rχ0 + s+ r
G2o(5)

 (rχ0 + s)G2o(5). (6.11)
Comparing (6.10) with the metric and dilaton in (6.3), we find that they have exactly
the same form and therefore we conclude that for χ0 = irrational an OD5 theory goes
over to another OD5 theory under SL(2, Z) transformation. Notice that since l = cosψ
is SL(2, Z) invariant the coordinates x˜0,1,...,5 remain the same in the two OD5 theories.
However, the scaling parameter ǫ = cosϕ transforms according to (6.11). Also, since H
and H ′ are SL(2, Z) invariant, so both d and d˜ must transform in the same way as given
in (6.9) and ǫ must transform in the opposite way to d and d˜ as obtained in (6.11). The
combination Nα˜′eff is SL(2, Z) invariant. The coupling constant G
2
o(5) and the length scale
α˜′eff of the SL(2, Z) transformed OD5 theory are given in (6.11). From eq.(6.8) we find
that when rχ0 + s = 0 i.e. when χ0 is rational, the SL(2, Z) transformed configuration
(6.10) reduces precisely to LST studied in the previous subsection as expected. However,
rχ0 + s + r/G
2
o(5) can not be zero in this case because that would imply ǫˆ to be exactly
equal to zero and there would be no scaling parameter to obtain a decoupled theory.
7 Conclusion
To summarize, starting from an SL(2, Z) invariant bound state (F, D1, NS5, D5) of
type IIB supergravity we have shown how to take various decoupling limits leading to
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the supergravity duals of NCOS theory, OD1 theory and OD5 theory. The decoupled
theories obtained in this way are in general different from those obtained by taking low
energy limits on (F, D5), (D1, NS5) and (NS5, D5) separately in the sense that their
field contents are different. As a result, the decoupled theories or their supergravity
duals can be subjected to the full SL(2, Z) duality of type IIB supergravity. We have
studied the SL(2, Z) transformation properties of various (5+1) dimensional decoupled
theories obtained from this bound state. The asymptotic value of the RR scalar or
axion present in the supergravity configuration is crucial to determine the behavior of
the decoupled theories under the SL(2, Z) transformation. We found that when χ0 is
rational the general NCOS and OD1 theories are related by the strong-weak duality
as obtained before in the special cases i.e. for (F, D5) and (D1, NS5) solutions in [4,
11]. But when χ0 is irrational NCOS theory gives another NCOS theory with different
values of the parameters. However, for OD1 theory we surprisingly found a different
conclusion that even for irrational χ0, OD1 theory goes over to an NCOS theory under
SL(2, Z) transformation. This shows that OD1 theories with rational and irrational χ0 are
equivalent. We have also addressed the question of self-duality of both (5+1) dimensional
NCOS and OD1 theories in this context. We have been able to show the self-duality
only in the region where the coupling constant blows up and the supergravity description
breaks down. We mentioned that this result can be interpreted in two ways. It can
either mean that the self-duality conjecture can not be tested at the level of supergravity
dual or it can be taken as a supporting evidence for the self-duality conjecture if the
supergravity description somehow remains valid in the strongly coupled region due to
some underlying non-renormalization effect. For completeness, we have also studied the
SL(2, Z) transformation on OD5 theories. Here we found that for rational χ0, OD5 is
related to LST by the S-duality of type IIB theory, but for irrational χ0, OD5 theory
gives another OD5 theory with different values of the parameters. In conclusion, we point
out that since type IIB string theory is believed to possess an SL(2, Z) symmetry, by
working with the SL(2, Z) invariant supergravity configuration, we have been able to
access the full SL(2, Z) group of transformation to relate various decoupled theories in
(5+1) dimensions.
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